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Learning Objectives
ER Multiply complex numbers in trigonometric form.
3 Divide complex numbers in trigonometric form.

K} Use de Moivre’s Theorem to find powers of
complex numbers.

¥ Use trigonometric form to simplify expressions
iInvolving complex numbers.



Products and Quotients in Trigonometric Form

Multiplication and division with complex numbers becomes
a very simple process when the numbers are written in
trigonometric form.

Let’s state the rule for finding the product of two complex
numbers written in trigonometric form as a theorem.



Products and Quotients in Trigonometric Form

THEOREM (MULTIPLICATION)
It

zy = ry(cos 6 +isin 6)) = rycis 0,
and
2, = ry(cos 6, + i sin 6,) = r, cis 6,
are two complex numbers in trigonometric form, then their product, z,z,, 18

212p = [ry(cos 6; + i sin 6¢)][r>(cos 6, + i sin 6,)]
— l’lrz[COS (91 + 02) + 7 sin (91 I 02)]
= rn CIS (61 + 62)

In words: To multiply two complex numbers in trigonometric form, multiply the
moduli and add the arguments.



Example 2

Find the productof z; = 1 +iV3and zo = —V3 + i in
standard form, and then write z, and z, in trigonometric
form and find their product again.

Solution:
Leaving each complex number in standard form and
multiplying we have
2122 = (L + iV3)(—=V3 + i)
= —V3+i-3i+i*V3

= —2V3 — 2j



Example 2 — Solution

cont’d

Changing z, and z, to trigonometric form and multiplying
looks like this:

z1=1+iV3=2(os 60° + isin 60°)
5= —V3+i=2(cos 150° + i sin 150°)
212> = [2(cos 60° + i sin 60°)][2(cos 150° + i sin 150°)]

= 4(cos 210° + i sin 210°)



Example 2 — Solution

cont’d

To compare our two products, we convert our product in
trigonometric form to standard form.

L I
éKcoleOo—%ish1210?)==4(—~f5— —-51)

= —2V3 —2i

As you can see, both methods of multiplying complex
numbers produce the same result.



Products and Quotients in Trigonometric Form

The next theorem is an extension of the work we have
done so far with multiplication.

DE MOIVRE’S THEOREM

If z=r(cos O + isin ) = rcis O 1s a complex number in trigonometric form and
n 18 an integer, then

7' = [r(cos 0 + isin 0)]"
= r"(cos n6 + i sin nb)

= r" cis né



Example 3
Find (1 +/)'°.

Solution:
First we write 1 + /in trigonometric form:

1+i=\/§(cos%+isin%)

Then we use de Moivre’s Theorem to raise this expression
to the 10th power.

10
(1 + )Y = [\/i(cos T 4 isin iﬂ
1 A
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Example 3 — Solution

cont’d

— (\6)10(%3 10 - % + i sin 10 -

INIE
gt

= 32 cos-ézi +—ish1-§z£
2 2
which we can simplify to
= 32 cos-ZL +—ish1-z£
p: 2
because 7 /2 and 5 /2 are coterminal.
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Example 3 — Solution

cont’d

In standard form, our result is
= 32(0 + 1)

= 32i
That is,

(1 + i)'V =32i
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Products and Quotients in Trigonometric Form

Multiplication with complex numbers in trigonometric form
Is accomplished by multiplying the moduli and adding the
arguments, so we should expect that division is
accomplished by dividing the moduli and subtracting the
arguments.
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Products and Quotients in Trigonometric Form

THEOREM (DIVISION)
If

zy = ry(cos 6 + isin @) = r{cis 0
and

Zr = ry(cos 0, + i sin 6,) = ry cis 6,

are two complex numbers in trigonometric form, then their quotient, z,/z,, 18

4 ri(cos 6, + isin 6)

2 r5(cos 6, + i sin 6,)

= %[cos O, — 0,) + i sin (6, — 05)]
2

A
= —cis(0; — 0,)
2
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Example 5

Divide z; = 1 + iV3 by 2o = V3 + i and leave the answer
in standard form. Then change each to trigonometric form
and divide again.

Solution:
Dividing in standard form, we have
7 1+iV3
. V3+i
C1+iV3 V33—
V3+i V3—-i
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Example 5 — Solution

V3 —i+3i—i?V3
3+ 1

_2V3 42
B 4

V3 o1
= — + —]
2 2
Changing z, and z, to trigonometric form,

q=1+ﬂ@=2dw%

cont’d
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Example 5 — Solution

cont’d

22:\/§+i=2CiS%

and dividing again, we have

5 2cis (@3)
5 2cis (7/6)

2 [ T
= —cCs|— —
(5 %)

which, in standard form, is —— + <!

2 2 17



