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- Objectives

BB Write equivalent exponential and logarithmic
equations

Bl The properties of logarithms



Write equivalent exponential and
logarithmic equations



- Write equivalent exponential and logarithmic equations

The exponential function given by y = b*is a 1—-1 function, it
has an inverse function. To find that function, we follow the

same procedure that we used to find the inverses of other
functions.

y = b

X = by Interchange x and y.

The equation x = b” says that y equals the power of b that
produces x. That is, y is the logarithm base b of x. The
inverse of the exponential function y = bX is a logarithmic
function.



T Write equivalent exponential and logarithmic equations

Here is a general definition of logarithm.

DEFINITION OF LOGARITHM

If x > 0 and b is a positive constant not equal to 1, then y = log, x 1s equivalent to
b = x.

Read log, x as “the logarithm base b of x” or “the
log base b of x.”



- Write equivalent exponential and logarithmic equations

The following table shows equivalent statements written in
both exponential and logarithmic form.

Exponential Form Logarithmic Form
2° =16 4P log, 16 =4

3) =5 — ;)
- — — 0 — =
3 9 82\ 9

107" =0.1 <ep log,,(0.1) = —1

b = x G==p log,x = a



~ Example 1

Write 4° = 1024 in logarithmic form.

Solution:
4> = 1024 is equivalent to log, 1024 = 5.



Example 2

Write log; 343 = 3 in exponential form.

Solution:
log; 343 = 3 is equivalent to 7° = 343,



[ TR . . PR -
- Write equivalent exponential and logarithmic equations

In Example 2, 343 can be referred to as the antilogarithm
base 7 of 3. If log, M = N, then N is the logarithm base b of M;
M is the antilogarithm base b of N.

Recalling the equations y = log, x and x = b¥ from the
definition of a logarithm, note that because b¥ > 0 for all
values of y, x is always a positive number. Therefore, in the
equation y = log, x, x is a positive number.

The logarithm of a negative number is not a real number.

The 1-1 property of exponential functions can be used to

evaluate some logarithms. 0



T Write equivalent exponential and logarithmic equations

EQUALITY OF EXPONENTS PROPERTY
Forb > 0,b # 1,1f b* = b", then u = v.
EXAMPLES

1. If3" = 3% then x = 4.

2. If5% = 5° then 3x = 6.
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~ Example 3

Evaluate: 10g3<é)
Solution:

1
1 — ) =
033(9) X

.
9

3—2:3x
—2 =X

1
| — || = =g
Oga(g)

Write an equation.

Write the equation in its equivalent exponential form.

Write % in exponential form using 3 as the base.

Solve for x using the Equality of Exponents Property.
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T Write equivalent exponential and logarithmic equations

The Equality of Exponents Property can be used to solve
some logarithmic equations.
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.. Example 4

Solve logg x = 2 for x.

Solution:
loggx = 2
6> = x
36 = x

The solution is 36.

Write log, x = 2 in its equivalent exponential form.
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- Write equivalent exponential and logarithmic equations

Logarithms base 10 are called common logarithms. We
usually omit the base, 10, when writing the common
logarithm of a number. Therefore, log,, x is written log x.

To find the common logarithm of most numbers, a
calculator is necessary. A calculator was used to find the

value of log 384, shown below.
log 384 ~ 2.584331224
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- Write equivalent exponential and logarithmic equations

When e (the base of the natural exponential function) is
used as the base of a logarithm, log, x is referred to as the
natural logarithm and is abbreviated In x.

This is read “el en x.” The equivalent exponential form of
y=Inxis e’ =x.

Using a calculator, we find that
In 23 = 3.135494216.
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 Example 5

Solve In x = -1 for x. Round to the nearest ten-thousandth.

Solution:
Inx = —1
e_l = % Use In x = yis equivalent to e’ = x.
0.3679 = x Evaluate e,

The solution is 0.3679.
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The properties of logarithms
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~ The properties of logarithms

Because a logarithm is an exponent, the properties of
logarithms are similar to the properties of exponents.

PRODUCT PROPERTY OF LOGARITHMS
For any positive real numbers x, y, and b, b # 1,
log,(xy) = log, x + log,y

EXAMPLES

1. log,(9z) = log; 9 + log, z

2. log[(x —2)(x + 3)] = log(x — 2) + log(x + 3)
3. In(xy) =Inx+Iny
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~ The properties of logarithms

The Product Property of Logarithms can be extended to
more than two factors. For instance,

log,, (xyz) = log, x + log,, y + log, z

A second property of logarithms involves the logarithm of the
qguotient of two numbers.

This property of logarithms is also based on the fact that a
logarithm is an exponent and that to divide two exponential
expressions with the same base, we subtract the exponents.
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lThe properties of logarithms

QUOTIENT PROPERTY OF LOGARITHMS
For any positive real numbers x, y, and b, b # 1, log, A log, x — log, y.
EXAMPLES

1. log;, 1y_1 = logy vy — log; 11

X +

1
2. log e log(x + 1) — log(x — 1)

3. ln% =nl4 —Inw
A third property of logarithms, especially useful in computing
the power of a number, is based on the fact that a logarithm
is an exponent and that the power of an exponential
expression is found by multiplying the exponents.
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~ The properties of logarithms

POWER PROPERTY OF LOGARITHMS
For any positive real numbers x and b, b # 1, and for any real number 7,
log, X = rlog, x.
EXAMPLES
1. log,x’ = 5log,x
2. log3* !'= (2x — 1)log3
1

3. mVx=Inz = S Inx

The properties of logarithms can be used in combination to
write a logarithmic expression in expanded form.
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. Example 6

Write the logarithm in expanded form.
A. log,(x*Vy) B. an% C. loggVxy
Z

Solution:
A. logb(xz\/)_/) = logb x2 + logb \/J_; Use the Product Property
of Logarithms.
7 1
= log, x~ + log,, > Write \y = y2.
= 2 log x + llog y Use the Power Property
2 4 @ of Logarithms.
x .
B. In— = Inx — ]n(yzz) Use the Quotient Property
yZ2 of Logarithms.
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i Example 6 — Solution

C. loggVxy

Inx — (Iny + Inz%
Inx — (Iny + 21nz)

In% = Ingp — d.lns

b=

logg (x3y)

1

—1 3
) 0gg X'V

1
5(101%8 X+ logg J’)

Use the Product Property
of Logarithms.

Use the Power Property
of Logarithms.

Use the Distributive Property.

Write the radical expression
as an exponential expression.

Use the Power Property
of Logarithms.

Use the Product Property
of Logarithms.
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- Example 6 — Solution

1
— —(3 10g8 x + 10g8 y) Use the Power Property
2 of Logarithms.
3 1
— 5 10g8 i i 5 IOgS Y Use the Distributive Property.
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" The properties of logarithms

The properties of logarithms are also used to rewrite a
logarithmic expression that is in expanded form as a single
logarithm.
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. Example 7

Express as a single logarithm with a coefficient of 1.
A. 3logsx + logsy — 2 logs z

B. 2(logsx + 3log,y — 2 log, z)

1
C. 5(2 Inx — 41Iny)

Solution:
A. 3logsx + logsy — 2 logsz

2 Use the Power Property
of Logarithms.

= logs x° + logs y — logs z

Use the Product Property

= logs x’y — logs z*
of Logarithms.

3
i Use the Quotient Property

5 i
Zz Of Loqarlthms- :27



i Example [ — Solution

B. 2(logsx + 3 log,y — 2 log, z)

2(log, x + log, y° — log, Z°)

2(logy xy® — log, 2%)

3

Xy

2 logy,—5
084 ZZ

xy3
logy{ 5
Z

Xy
logs—3~
&

j

Use the Power Property
of Logarithms.

Use the Product
Property of Logarithms.

Use the Quotient
Property of Logarithms.

Use the Power Property
of Logarithms.

Simplify the power of the
exponential expression.
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3 Example 7 — Solution

1
C. 5(2 Inx —4Iny)

= —(ln ¥ — In y4) Use the Power Property of Logarithms.
1 x? . .
= | In— Use the Quotient Property of Logarithms.
3\
o\ 1
X\ Use the Power Property of Logarithms.
= In 4 Write the exponential expression as a
Y radical expression.
3 xz
= In o
k4
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‘The properties of logarithms

There are three other properties of logarithms that are
useful in simplifying logarithmic expressions.

OTHER PROPERTIES OF LOGARITHMS
Logarithmic Property of One
For any positive real number b, b # 1, log, 1 = 0.

EXAMPLES
1. log; 1 =20 2. logl =20 3. n1=20

Inverse Property of Logarithms
For any positive real numbers x and b, b # 1, log, b* = x and plogr = x.

EXAMPLES
1. log;5* = x 2, log10* ' =3z — 1 3. ne*'=2x+1
4. 8lozsr = 5. 10°5@*3) = 2y, 1 3 6. ") =3, — 7
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‘The properties of logarithms

1-1 Property of Logarithms

For any positive real numbers x, y, and b, b # 1, if log, x = log,, y, then x = y.

EXAMPLES
1. Iflog,(3x — 2) = log,(x + 4),then3x — 2 = x + 4.

2. Ifln(x* + 1) = In(2x), then x* + 1 = 2x.

Although only common logarithms and natural logarithms
are programmed into a calculator, the logarithms for other
positive bases can be found.

CHANGE-OF-BASE FORMULA
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~ Example 8

Evaluate log,; 32. Round to the nearest ten-thousandth.

Solution:
11’1 32 Use the Change-of-Base Formula.
log, 32 = N=32,a=g7,b=e
In 7
~ 1.7810
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~ Example 9

Rewrite £ (x)

Solution:

fx) =

= —3log;(2x — 5) in terms of natural logarithms.

—3 log,(2x — 5)

., In@2x - 5)
In 7
3
7 n( 0 5)

Use the Change-of-Base Formula to rewrite
In(2x — 5)
n7

log;(2x — 5) as
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